We report experimental results, showing that the Kerr beam self-cleaning of many low-order modes in a graded-index multimode fiber can be controlled thanks to optimized wavefront shaping of the coherent excitation beam. Adaptive profiling of the transverse input phase was utilized for channeling the launched power towards a specific low-order fiber mode, by exploiting nonlinear coupling among all guided modes. Experiments were carried out with 7 ps pulses at 1064 nm injected in a five meters long multimode fiber operating in the normal dispersion regime. Optimized Kerr beam selfcleaning of five different LP modes is reported, with a power threshold that increases with the mode order.
Introduction
In the context of research on light wave propagation through complex systems, the availability of liquid crystal-based spatial light modulators with a large number of pixels has permitted breakthrough experiments. Among them, we can mention the pioneering works involving the control of light propagation through scattering media. In that context, it was shown that input wavefront shaping of a light beam may serve for output beam pattern control [1] , for transmission matrix measurement and image recovery [2, 3] , for the transmission of ultrashort pulses [4] , for the maximization of power transmission [5] , for space-time control [6] , etc. All of these advances were based on the principle that the field at the output of the disordered medium results from an interference of many waves, corresponding to the different paths which light can follow along its propagation through the bulk medium. Special phase adjustments of the different degrees of freedom in the input transverse plane (pixels) give a way to control the output state of interference, in both spatial and temporal dimensions. Almost all published works deal with laser light propagation through linear scattering media, which is the situation that is most frequently encountered. Only a limited number of works has appeared, where Kerr nonlinearity was involved. One of such examples is the recent work by Frostig et al. [7] , which reported adaptive beam focusing through a scattering layer, followed by a layer with Kerr nonlinearity.
Light propagation through multimode optical fibers (MMF) shares several analogies with the problem of light scattering in complex heterogeneous media [8] . In fact, along the course of beam propagation in a MMF, longitudinal mode coupling caused by imperfections, stress or bending variations plays a role which is analogous to that of scattering from refractive index disorder in a bulk medium. The transmitted light results in both cases from the interference of many fields with a complex amplitude and phase transverse distribution, leading to a speckled intensity pattern with a seemingly random spatial distribution. On the other hand, there are also some major differences between the case of MMFs and random bulk media. In short segments of multimode fiber, one may neglect backscattering radiation (propagation models are unidirectional), whereas in disordered media backscattered light is commonly taken into account. Moreover, in the case of standard waveguides, the appropriate basis for the output field expansion is discrete and bounded (the MMF eigenmodes). Techniques which were previously developed for shaping both in space and in time a wave transmitted through disordered media by means of input wavefront structuration, have been subsequently successfully adapted to the case of MMFs. The delivery of focused beams or of a beam with a given specific pattern at the output of a MMF was demonstrated [9, 10] . In addition, the imaging of biological samples through MMF [11] was achieved. Again, most of experiments reported so far with MMFs dealt with the linear propagation regime, the case of an Yb-doped MMF amplifier operated in the saturated gain regime being a noticeable exception [12] . However, since MMFs tightly confine light power over long propagation distances, the onset of nonlinear effects may be easily reached.
Nonlinear coupling among guided modes in a MMF, for instance through fourwave mixing, produces nonlinear scattering effects which adds up to the already existing linear coupling mechanisms. Thus, MMFs offer a convenient platform for the study of many-mode nonlinear interactions, and their space-time dynamics. That is partly one of the reasons why there has been a renewed interest in studying the multimode nonlinear propagation regime in optical fibers. Striking experiments on multimode optical solitons [13] , on geometric parametric instability [14] and beam self-cleaning in GRIN MMFs [15, 16, 17] , and on supercontinuum generation [18, 19] , have been reported in very recent years. In almost all of the publications related to this topic, a standard circular laser beam with a Gaussian cross section and linear state of polarization was used at the input of the MMF. Only the degrees of freedom provided by the input diameter and by the incidence angle were modified, in order to control the efficiency of the nonlinear effects. It is not until very recently that an input beam with a tailored shape has been used for enhancing or mitigating frequency conversion resulting from either modal-FWM or stimulated Raman scattering (SRS) in MMFs [20, 21] .
In this work we experimentally study, we believe for the first time, the application of wavefront shaping for the control of the transverse output modal distribution resulting from nonlinear propagation in MMFs. More particularly, wavefront shaping permits us to exploit all of the spatial degrees of freedom of the input beam to control Kerr beam self-cleaning processes in a GRIN MMF. Adaptive wavefront profiling of the excitation pulse leads to optimized (via minimization of an appropriate cost function) self-cleaning of the output radiation on many different low-order mode (LOM) structures, as the input laser power was progressively increased.
Experimental set-up and procedure
In the experiments, we have used as the light source an Nd:YVO4 ultrafast laser, delivering 7 ps pulses at 1064 nm and 1 MHz repetition rate (Sirius Spark Laser), with a pulse energy of up to 1 µJ. The laser beam was first expanded with a magnifying telescope, to cover the reflective surface of a deformable mirror (DM) with 140 actuators (see Fig.1 ). The DM had a continuous metallic membrane with a square array of actuators (~12x12). The beam illuminated the mirror with an almost normal incidence angle. The reflected beam was imaged on the input facet of a fiber after a strong down scaling by means of a second telescope. A half-wave plate (HWP) permitted to vary the linear polarization orientation of the beam. The shaped beam was launched into a piece of GRIN-MMF of about 5 m in length. The fiber was freely wounded and laid on the optical table making rings of about 20 cm in diameter. At the fiber output, a short focal length lens imaged the near field intensity on a camera, after bandpass filtering (10 nm at 1064 nm) and selection of a single linear polarization state. The beam was split in order to simultaneously display the fiber output far field on a second camera. An optical spectrum analyzer (OSA) completed the output pulsed beam diagnosis tools. The near-field image taken by the camera was displayed on a screen for preliminary adjustments and for observations. At the same time, the near-field image was also sent to a laptop, for computing parameters which served for the optimization of the input wavefront. In a preliminary step of adjustment, the deformable mirror was set to a uniform state. Its mechanical orientation as well as the position of the lens for injection in the MMF were finely tuned to obtain efficient coupling into the fiber, and to observe self-cleaning on the fundamental mode, as the launched beam power was progressively raised. Optimization of the input wavefront was based on the intensity correlation between the experimental output image Iexp and the target output mode pattern Itar, in a way to minimize the cost function [22] 
where ̅ ℎ = 〈 ℎ 〉 , and 〈•〉 denotes integration over the transverse domain. Our approach was based on a sequential optimization algorithm that was derived from the seminal papers of Vellekoop [1, 23] . The pixels of the mirror were successively randomly selected by groups of 70, 40, 30, 20 and 10 elements. For each group size, the pixels to optimize were randomly chosen, and the cost function was evaluated while the phase of the pixels was cycled between 0 and 2π. The phase value which minimized the parameter C was then set on the relevant mirror elements, and the random choice of pixels was repeated 70, 140, 210, 280 and 350 times, respectively, for each different group of the previously mentioned elements.
Results and discussion
In a preliminary step, and with the DM in a uniform flat setting, as previously mentioned we obtained Kerr beam self-cleaning on the fundamental mode (or LP01 mode) for the launched peak power of 45 kW. We set this input power level, in order to maintain sufficient nonlinearity to trigger self-cleaning on different low-order modes, after that spatial structuration of the input beam (with its associated loss of coupling efficiency) was introduced. We verified that for the fiber length used, and for the maximum power injected into the MMF, self-stimulated Raman scattering could be neglected. The laser power level was then kept fixed for the following experiments. Upon hand adjusting the laser beam injection into the MMF, we obtained an output intensity pattern as shown on Fig.2 -a. The pattern of Fig.2-a represents a typical self-cleaned beam, whereby the Kerr effect leads to a central sharp spot, surrounded by a speckled background of much lower intensity. Similar features appear in the output far field. The coupling conditions, i.e., the position of the focusing lens and the position of the fiber input facet, were kept fixed in all of the following experiments. Only the structuration of the DM was varied in the next steps. At first, we started with an optimization of the wavefront, with the LP01 mode as a target. Even though self-cleaning was already present in the initial state, the transverse structuration of the input wave led to a sensible improvement of the self-cleaned beam quality. The cost function C to minimize dropped from 0.19 down to 0.075 after convergence, and the intensity correlation between the experimental profile and the theoretical one grew from 0.66 to 0.75. The main central spot was slightly broadened, while the surrounding background shrank and became smoother, as illustrated on the recordings of Fig.2-b . It takes 1050 iterations of our algorithm, in order to converge towards a steady state, a process which takes ~4 minutes (see Fig.3 ). At the same time, the coupled power into the MMF decreased by 11%. The DM was reset to a flat state before making a new optimization round, this time with the LP11 mode as a target. Tailoring of the input yielded Kerr self-cleaning on the LP11 structure, as expected (see Fig.4 ). This result is similar to that reported in [24] , except that in that reference the self-cleaning of the LP11 mode was obtained with a lengthy and difficult to exactly reproduce manual procedure, i.e., with a tricky adjustment of tilted launching conditions. The occurrence of a similar shape and orientation of the intensity pattern both in the near field and far field attests that the phase distribution of the output field is in fact the one expected for an LP11 eigenmode (see the Appendix for details). This proves that the output field contained a major contribution of the target mode. However, note that the optimization of the DM surface was driven by the near field intensity profile only. Our aim was also to generate higher-order modes. Hence, we successively targeted LP02, LP21, LP12, and finally LP22 modes. In all cases, once the optimization of the input wavefront reached a steady state, we obtained output intensity pictures closely resembling the pattern of the target mode, although with a lower quality by comparison to the previously generated LP11 mode. Similar to the case of the LP11 mode, the recorded near and far field patterns exhibited the same intensity profile, thus demonstrating the major content of the sought mode in the output field. Typical recordings are shown in Fig.5 . Intensity correlations between the experimental profile and the theoretical mode profile reached values in the range of 0.75-0.82, for all of the studied modes. As far as the fiber power coupling loss introduced by the beam structuring is concerned, its value varied from one mode to another (11% for the LP11 mode, 28% for the LP01, 15% for the LP02, 16% for the LP21, 22% for the LP12, 21% for the LP22) in a given experimental setting. A series of experiments was carried out for various coupled power levels and various targeted modes, with the purpose of achieving optimized self-beam cleaning. We identified that the power threshold Pth to reach Kerr self-cleaning increased with the order of the desired mode. Such threshold was Pth~6.8 kW for the LP01, Pth ~16.5 kW for the LP11 and Pth ~20.5 kW for the LP21 mode, respectively. Once that the optimized wavefront profile is known, assuming that the demagnifying imaging between mirror and fiber input facet does not bring any aberrations, tilts or translations with respect to the fiber center, one can compute the amplitude of the modes that were launched into the fiber. Such a mode expansion leads to the mode power distributions illustrated in Fig.6 , for obtaining optimal self-cleaning on the LP01 (Fig.6-a) , LP11 ( Fig.6-b) , LP12 (Fig.6-c ) and LP21 modes (Fig.6-d) , respectively. Fig.6 shows that a broad modal population is always present at the fiber input. Moreover, the mode which prevails (via self-cleaning) after the nonlinear propagation through the MMF already carries a relatively high power fraction (6 to 12%) with respect to the rest of the excited population at the MMF input. However, note the unexpected result that optimized self-cleaning of the LP01 mode only requires about 7% of power in that mode at the input, with nearly equal power contribution from the LP31 mode. In all final (i.e., after the optimization process was terminated) states of observation, beam propagation in the MMF remains well in the nonlinear regime.
A first signature of the nonlinear propagation regime for optimized many-mode self-cleaning can be found in the output spectra, where strong spectral broadening (~x30) is observed around the input laser line of 0.3 nm width at -10dB. A second signature of the impact of nonlinearity was visible, when we imposed a sudden decrease of the launched power. Keeping the optimized profiling of the input to achieve Kerr self-cleaning on a given target mode, i.e., maintaining the same input conditions, beam shaping at the fiber output completely vanished when the input power was reduced below the threshold for nonlinear effects. A typical case for destruction of a LP11 self-cleaning as shown in Fig.4 is given in Fig.7 : a single bright spot remains, sitting on a background of speckles. Our results clearly show that selection of a LOM at the fiber output end did not trivially result from the tailored pure excitation of the same mode at input. An experiment further confirms this statement. The tentative linear selection of a LOM, following the same procedure, failed at low powers. At an input power of 160 W, i.e., in the linear propagation regime, we tried to select a pure LOM at the fiber output following the same procedure as above. The case of a LP11 mode is illustrated in Fig.8 . Optimized beam shaping at the input, gave an output image having a high correlation with the LP11 intensity distribution, hence minimizing the cost function. However, in this case the output far field did not evolve into that of the desired target mode, contrary to what happened in the nonlinear self-cleaning regime. Therefore, from our recorded data it is not possible to conclude that light delivered by the MMF after optimization in the linear regime has most of its power carried by the desired target mode (see Appendix). When operating in the linear regime, a cost function for optimization, based on intensity correlation in the near field only, is not sufficient to channel guided light into a desired mode. This is due to the fact that, in the linear regime, there exist many options for modal interferences that may lead to any given intensity pattern at the MMF output (see Appendix). To the contrary, with nonlinear mode coupling induced by Kerr effect, the various mode field amplitudes and phases are connected to each other, so that solutions of the same inverse problem might be scarce. As a result, the optimization process results into an output field with always a major contribution provided by the desired target mode. This is one of the major conclusion of our investigations. Both the excitation of an appropriate input modal population, and a sufficiently high power, were necessary to trigger nonlinear dynamics which favored power channeling into a specific LOM during propagation.
Lastly, in order to show that the fiber output results from nonlinear evolution towards a steady-state with a nearly pure mode shape, we performed a fiber cut-back experiment (see Fig. 9 ). After optimization at high power of the input laser profile, in order to obtain a given output mode profile by means of Kerr self-cleaning, the fiber end was removed from the holder and cleaved, in order to progressively reduce the fiber length. The fiber was then repositioned onto the holder, and the delivered light beam was imaged on a camera for comparison with the previous pattern. We observed that the guided wave pattern was almost the same at either 5 mm or at 68 mm away in terms of propagation distance from the initial fiber output (see Fig.9 ). This is very unlikely to occur in the linear propagation regime, where the phase relationships between the modes should rapidly vary with the propagation distance, which quickly modifies their interference pattern (except at some specific positions of self-imaging). Along the same line, in the initial state of optimized Kerr selfcleaning on a LOM, we gently perturbed the fiber by hand, by introducing a displacement or bending. The output pattern did not change much under these perturbations, showing that the robustness of self-cleaned beam also applies to LOMs, although to a lesser extent than for the fundamental mode.
Conclusions
Nonlinear coupling of optical waves guided in a multimode optical fiber can be mastered by a fine tuning of the transverse profile of the laser excitation. We demonstrated here that peculiar spatial nonlinear dynamics, namely, the effect of Kerr beam self-cleaning, can be adaptively controlled in order to shape at high powers a stable beam delivered by the MMF on a variety of patterns, different from the single bell structure of the fundamental mode. A phase pattern, imprinted on the laser beam that is launched into the MMF by reflection on a deformable mirror, served for the control of the multimode propagation, and it was iteratively adjusted in order to obtain a specific output intensity profile. Kerr self-cleaning on various LOMs (LP11, LP02, LP12, LP21 and LP22) was observed for the first time, thanks to the extra degrees of freedom brought by wavefront tailoring. For all states of spatial beam self-organization, a broad modal population was excited, and the mode expected to prevail after nonlinear propagation counts among the ones with the highest power fraction in the excited population. Comparison between observations in the linear and the nonlinear propagation regimes proved that genuine nonlinear evolution assisted by the Kerr effect was involved in the selection of a desired mode at output. The lowest power threshold for self-cleaning is that for the fundamental mode. All other modes studied in this work, although of low-order, exhibited a significantly higher threshold for self-cleaning. Cut-back experiments have shown that Kerr-cleaned LOM beams propagate unchanged, at least towards the output end of the fiber.
Our results show that marrying the technique of wavefront shaping with nonlinear transverse mode coupling leads to many-mode Kerr beam self-cleaning. That is, we could generate a whole stable alphabet of pure fiber modes that propagate independently and nearly unchanged along a MMF, irrespective of random linear mode coupling or fiber bending. We anticipate that this finding will have important implications for a number of applications ranging from optical communications using spatial division multiplexing, nonlinear microscopy and endoscopy, and micromachining. The top right panel in Fig.A1 shows the mode map, which confirms the genuine presence of a single mode. In the bottom row of Fig.A1 , we illustrate the results of a second case, where the two field lobes are in phase. As we can see, the near-field image can be easily confused with that of an LP11 mode, especially in the presence of a speckled background as it is often the case in the experiments. However, the corresponding far-field image reveals the information that the lobes are in phase. The corresponding mode map (bottom right panel in Fig. A1) shows that the modal composition is a mix of even-parity modes, as expected by the symmetry of the field profile. We also considered other cases, in which we applied a scaling factor to modify the distance and the size of lobes, and always obtained similar results (here not shown). From these results, we may conclude that the near-field intensity profile is not sufficient to characterize modes such as the LP11 mode. This also validates our approach, based on the additional monitoring of far-field images, which permits to unveil additional key information that is important for the identification of pure MMF modes.
